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A nanocomposite electrical generator composed of Zinc oxide nanowires (ZnO NWs) was modeled using continuum mechanics and Maxwell’s equations. Axial loading was considered and the
optimum aspect ratio of ZnO NWs for getting to maximum electric potential was calculated. The
bonding between the ZnO NWs and the polymer matrix was considered to be perfect and the linear
piezoelectric behavior was assumed. It was shown that the electric potential has maximum and
minimum values of opposite signs at the extreme ends along the nanowire length. The maximum
generated electric potential varies from 0.01717 for a NW with an aspect ratio of one to 0.61107
for a NW with an aspect ratio of thirty. The optimum aspect ratio of ZnO NW was deﬁned as the
difference between the maximum generated electric potential at which the difference becomes less
than 1%, which results in an aspect ratio of 16. The results are a major step toward producing ZnO
NWs for nanocomposite electrical generators with maximum performance.
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1. INTRODUCTION
Piezoelectric materials as a new source of energy have
been studied over the past two decades.1–5 Among different
piezoelectric materials, ZnO has attracted the attention of
the research community.46 There are some reports on the
enhancement of piezoelectricity4 6–9 and mechanical10–11
properties in nanomaterials. The enhancement of piezoelectricity of ZnO nanowires has been demonstrated as
nanoscale surface effects.12 Zinc oxide nanowires have
potential applications in nanodevices because of their
piezoelectric response.1 3–4 Although electric potential generation via bended ZnO NWs has been reported, but the
reality of such electric signals is still a matter of debate.4 13
Recently, a new approach was introduced for harvesting
the electric energy of ZnO NWs, which is based on ZnO
NWs embedded in an epoxy matrix14 and is referred
to as nanocomposite electrical generators.15 Experimental
production of nanocomposite electrical generators has
been reported.16 Bended ZnO NWs require special moving devices such as atomic force microscopes for harvesting the generated electric energy, which increases
production costs and reduces the device reliability. In
contrast, nanocomposite electrical generators are more
∗
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cost-effective compared to the bended nanowire nanogenerators, and they provide a more stable electric source.
It has been proven that piezoelectric-ﬁber composites
have a higher output voltage-to-applied load ratio than bulk
piezoelectric ceramic materials, owing to the large lengthto-area ratio of the reinforcing ﬁbers.17 There are only
a limited number of methods for analysis of piezoelectric composites made by embedding piezoelectric ﬁbers
into a matrix. The Mori-Tanaka mean ﬁeld approach18 and
shear-lag model19 are two more commonly used methods. Mori-Tanaka methods are limited to composites that
consists of aligned ellipsoidal inclusions embedded in
an epoxy matrix and are not able to capture size-scale
effects. This method also assumes uniform distribution
of inhomogenieties.20 The shear-lag model is applicable
for aligned short-ﬁbers and is based on the transfer of
tensile stress from matrix to ﬁber using interfacial shear
stress. This model accounts for ﬁber geometry and can be
extended for modeling imperfect surfaces.21
The objective of this paper is to ﬁnd an optimum
aspect ratio, Lf/ro , for ZnO NWs, using the shear-lag
model. This would be a major step toward designing new
nanocomposite electrical generators with optimum performance. An analytical model for nanocomposite electrical generators was developed using continuum mechanics
approach.19 Solving the derived governing equation19 of
1546-1955/2012/9/1670/005
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the electric potential for various ZnO NWs with different
aspect ratios, it was found that there is an optimum value
for the aspect ratio of the ZnO NWs. Based on the presented results, ZnO NWs should have a minimum aspect
ratio, Lf/ro , of 16, so that the generated electric potential
may reach to its maximum value at both ends.

2. MODELING

via the constitutive equations as follows:26
⎧
⎨T = cE S − eT E
⎩
D = eS+E

(3 a, b)

where S is strain tensor, E is the electric ﬁeld vector, cE is
the elastic stiffness tensor, e is the piezoelectric constant
tensor,  is permittivity tensor, and eT is the transpose
of the tensor e. The electric ﬁeld vector is related to the
electric potential ﬁeld  via:

33




e
e
+ 1−f2 −f2 +f  31 −f +1 15 sinhz∗ H B (6)
e33
e33

where B is deﬁned as follows:



E
cosh Lf 
B = 1−R2 ro2 + m R2 −ro2 
Ef

Fig. 1. RVE of a ZnO NW with length of 2Lf , embedded in a matrix
with length of 2L. The composite is subjected to the overall stress of 
along the cylindrical axis. R is the outer radius of the RVE and ro is the
radius of the ZnO NW. Reprinted with permission from [19], K. Momeni
et al., J. Appl. Phys. 108, 114303 (2010). © 2010, American Institute of
Physics.
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(7)

Equation (6) is a second-order nonhomogeneous partial
differential equation with variable coefﬁcients. This type
of equation can only be solved using numerical methods.
An appropriate numerical method must be chosen that can
accurately handle the singularity in Eq. (6) at the NW axis.
Here the governing differential equation was solved for
nanowires with different aspect ratios using the numerical
technique introduced by Momeni et al.19
1671
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A single ZnO NW embedded in an epoxy matrix was considered. The representative volume element is shown in
Figure 1. The ZnO NW and the epoxy matrix were modE = − 
(4)
eled as elastic isotropic materials. The bond between the
ZnO NW and the epoxy matrix is assumed to be perfect,
The constitutive Eqs. (3 a, b) are coupled via the piezoand the ZnO NW was modeled as a cylinder. Although
electric
constant tensor. A perturbation technique was used
modeling the ZnO NW as an isotropic material might not
for
decoupling
the equations, which the details of it was
be the best choice, it simpliﬁes the calculations while repdescribed
in
the
literature.19 22
22
resenting an acceptable approximation of the reults. Zinc
The 3D problem reduces to a 2D problem in terms of z
oxide NWs show the maximum reinforcing effect along
and
r (Fig. 1), due to axisymmetry of geometry and loadtheir longitudinal direction. Therefore, here simple loning. Assuming the radial strain of NW to be much less than
gitudinal tensile loading along the axis of the NW was
its axial strain (i.e., rr  zz for the NW), R  ro (low
considered.
concentration of NWs), and using the shear-lag model, the
General mechanical and electrical ﬁeld equations, i.e.,
stress along the ZnO NW in terms of the cylindrical coorconservation of linear momentum and Gauss’s law of elecdinate system is calculated.25
tric ﬁeld, were used in combination with constitutive equaThe following dimensionless variables are deﬁned:
tions to derive the analytical relation between the applied
load and potential distribution
along
the
NW.
The
shearDelivered by Ingenta to: Chinese University
of Hong Kong
Ef /
IP: load
91.242.217.44
On: Sat, 25
lag model was used to describe the
transfer between
∗ Jun
=  2016 04:41:28
r ∗ = r/ro
z∗ = z
H = ro (5)
Copyright:
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o e33 / 11
been successfully
the matrix and the NW.23 This model has
used for modeling 1D nanostructures.24–25
where  is the applied axial stress and
is a parameThe conservation of linear momentum in the absence of
ter with the dimension of L −1 . The value of depends
body forces and acceleration is:
on the mechanical and geometrical properties of NW and
matrix material.25 The governing differential equation for
 ·T = 0
(1)
electric potential along the NW is19
where T is the stress tensor. Gauss’s law in the absence of
2 ∗
free charges is:
 2 ∗ 1 ∗
2 33  
+
+H
 ·D = 0
(2)
∗2
r ∗2 r ∗ r ∗
11 z



The mechanical and electrical responses of the ZnO
1 2 ∗
2
∗ e31
coshz∗ H 2
=
r
+
−
r

f
NW, assuming linear piezoelectric behavior, are coupled
f
2 f
e
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3. CASE STUDY
The governing differential equation, i.e., Eq. (6), was
solved for NWs with aspect ratios varying from one
to thirty. The epoxy matrix was assumed to have a
Young’s modulus of Em = 241 GPa and Poisson’s ratio of
vm = 035.27 To fulﬁll the assumption of low NW concentration, it was assumed that R = 5ro . The dimensions of the
ZnO NW were assumed to be the same as those reported
in the literature,22 i.e., the radius of all NWs is ro = 25 nm.
The aspect ratio of NWs, i.e., Lf /ro , varies from one to
thirty.
In this study the elastic modulus of the NW was
assumed to be Ef = 129 GPa.28 The permittivity of the
bulk ZnO is 11 = 777 0 , 22 = 11 and 33 = 891 0 ,
where 0 is the permittivity of a vacuum 0 = 8854×
10−12 A·s/V·m.29 The piezoelectric constants are e31 =
−051 C/m2 , e33 = 122 C/m2 and e15 = −045 C/m2 which
has been measured for ZnO ﬁlms.30
The governing differential equations were solved for
NWs with aspect ratios varying from one to thirty. Distribution of the electric potential along the axis of nanowires

(a)
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with different aspect ratios is shown in Figure 2(a). It can
be seen that the maximum and minimum generated electric
potentials occur at the extreme ends of NWs, which are
equal in magnitude but have opposite signs. Furthermore,
the maximum dimensionless electric potential increased
from 0.01717 for the NW with the aspect ratio of one to
0.61107 for a NW with the aspect ratio of thirty.
Maximum dimensionless electric potential as a function
of the aspect ratio of NWs is shown in Figure 2(b). Here,
the optimum aspect ratio deﬁned for ZnO NWs at the
maximum generated electric voltage increases by less than
1%, as the aspect ratio of the NWs increase. The difference
in the maximum generated electric potential of the NWs is
shown in Figure 2(c). The difference between maximum
generated electric potential NWs decreases by increasing
the aspect ratio of the NWs. The red dash dot line in this
graph shows the criteria of choosing the optimum aspect
ratio of NWs, i.e., dimensionless electric potential increase
by less than 1%, which indicates that an aspect ratio of 16
is the optimum aspect ratio.
Dimensionless shear stress, Trz/, and dimensionless
axial stress, Tzz/, were distributed along the ZnO NWs
(b)
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(c)

Fig. 2. (a) Distribution of electric potential along ZnO NWs with different aspect ratios. (b) Max dimensionless electric potential along the NW for
different aspect ratios. (c) Difference in the maximum electric potential of NWs with consecutive aspect ratios. The red dash dot line along the 1%
line shows the criteria for specifying the NW with optimum aspect ratio, which is the NW with the aspect ratio of 16. The maximum electric potential
increases by increasing the aspect ratio of the NWs, and it reaches to ∗ ∼ 06.
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(a)

(b)

with different aspect ratios as shown in Figure 3 using the
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extreme ends of the nanowire; i.e.,  = max at z = ±Lf , while it vanishes at the middle of the NW, Trz / = 0 at z = 0. At the extreme ends the stress
that transfers to the end caps is the same magnitude as the applied stress, . The model dictates transfer of applied external stress to the NW through
the matrix. Moving away from the NW ends, axial stresses increase due to an increase in transferred shear stresses between the matrix and NW, with
the maximum at z = 0.
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